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WEAK∗ FIXED POINT PROPERTY
AND THE SPACE OF AFFINE FUNCTIONS
E. CASINI, E. MIGLIERINA, AND Ł. PIASECKI
Abstract. First we prove that if a separable Banach space X contains an
isometric copy of an infinite-dimensional space A(S) of affine continuous func-
tions on a Choquet simplex S, then its dual X∗ lacks the weak∗ fixed point
property for nonexpansive mappings. Then, we show that the dual of a separa-
ble Lindenstrauss space X fails the weak∗ fixed point property for nonexpan-
sive mappings if and only if X has a quotient isometric to some space A(S).
Moreover, we provide an example showing that “quotient” cannot be replaced
by “subspace”. Finally, it is worth to be mentioned that in our characteriza-
tion the space A(S) cannot be substituted by any space C(K) of continuous
functions on a compact Hausdorff K.
1. Introduction
Let X be an infinite-dimensional real Banach space and let us denote by BX
its closed unit ball and by SX its unit sphere. A Banach space X is called an
L1-predual (or a Lindenstrauss space) if its dual X
∗ is isometric to L1(µ) for some
measure µ. The most widely studied L1-preduals are classical Banach spaces C(K)
of continuous functions on a compact Hausdorff space K. In this paper two other
subclasses of Lindenstrauss spaces play a crucial role. The first one is the well-
known class of spaces A(S) of continuous affine functions defined on a Choquet
simplex S. It is worth to be mentioned that the class of A(S) spaces is strictly wider
than the class of C(K) spaces. Moreover, an L1-predual X is an A(S) space if and
only if BX has an extreme point ( [14]). The second class that we are interested in
is the collection of all hyperplanes in c, the space of convergent sequences endowed
with the standard supremum norm. These hyperplanes were extensively studied
in [1,2]. Here we recall some notations and properties about these spaces that will
be useful in the sequel. It is well-known that c∗ can be isometrically identified
with ℓ1 in the following way: for every x
∗ ∈ c∗ there exists a unique element
f = (f(1), f(2), . . . ) ∈ ℓ1 such that
x∗(x) =
∞∑
n=0
f(n+ 1)x(n) = f(x)
with x = (x(1), x(2), . . . ) ∈ c and x(0) = lim x(n). Let f ∈ Sc∗ . Consider the
hyperplane in c defined by
Wf = {x ∈ c : f(x) = 0} .
In [1], the following results are proved:
(1) W ∗f is isometric to ℓ1 if and only if there exists j0 ≥ 1 such that |f(j0)| ≥
1/2,
(2) Wf is isometric to c if and only if there exists j0 ≥ 2 such that |f(j0)| ≥ 1/2.
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Under the additional assumption |f(1)| ≥ 1/2 and |f(j)| < 1/2 for every j ≥ 2,
Theorem 4.3 in [1] identifies W ∗f and ℓ1 by giving the following dual action: for
every x∗ ∈W ∗f there exists a unique element g ∈ ℓ1 such that
(1.1) x∗(x) =
∞∑
n=1
g(n)x(n) = g(x),
where x = (x(1), x(2), . . . ) ∈ Wf . Moreover, if {e
∗
n} denotes the standard basis in
ℓ1, then
(♥) e∗n
σ(ℓ1,Wf )
−−−−−−→
(
−
f(2)
f(1)
,−
f(3)
f(1)
,−
f(4)
f(1)
, . . .
)
,
where σ(X∗, X) denotes the weak∗ topology on X∗ induced by X .
The aim of this paper is to investigate the relationships between presence of an
isometric copy of an A(S) space in a separable spaceX and the failure of weak∗ fixed
point property for nonexpansive mapping in the dual space X∗. We recall that the
space X∗ is said to have the weak∗ fixed point property (briefly, σ(X∗, X)-FPP) if
for every nonempty, convex, σ(X∗, X)-compact subset C ofX∗, every nonexpansive
mapping (i.e., a mapping T : C → C such that ‖T (x) − T (y)‖ ≤ ‖x − y‖ for all
x, y ∈ C) has a fixed point.
First we prove that if a separable Banach space X contains an isometric copy
of an infinite-dimensional space A(S), then its dual X∗ lacks the σ(X∗, X)-FPP
(see Theorem 2.3). This sufficient condition can be extended by considering a
quotient containing an isometric copy of an A(S) space (see Remark 2.5). Our
theorem extends, in a separable case, the result by Smyth stating that C(K)∗ fails
the σ (C(K)∗, C(K))-FPP ( [15]).
In the last section we discuss the case of separable L1-preduals and we completely
characterize the weak∗ topologies that fail the σ(X∗, X)-FPP. Indeed, we prove that
the dual X∗ of a separable Lindenstrauss space X fails the σ(X∗, X)-FPP if and
only if X has a quotient isometric to an infinite-dimensional A(S) space for some
Choquet simplex S. We also show that the latter condition may be replaced by: X
has a quotient containing an isometric copy of an infinite-dimensional A(S) space
for some Choquet simplex S (see Theorem 3.3). Finally, one may ask whether
in the previous results the space A(S) can be replaced by a space C(K) or if the
quotient can be removed, in a sense that these conditions can be replaced by: X
has a subspace isometric to an infinite-dimensional A(S) space. Remark 3.4 and
Example 3.1 show that the answers for both questions are negative.
2. Weak∗ fixed point property in the dual of separable Banach space
This section is devoted to study a sufficient condition for the failure of the
σ(X∗, X)-FPP for a generic separable space X in term of the presence of an iso-
metric copy of an A(S) space. In [2], we provided a sufficient condition of similar
type but based on the presence of an isometric copy of the so-called bad hyperplane
in c. Recall that the hyperplane Wf is called bad if f ∈ ℓ1 is such that ‖f‖ = 1,
|f(1)| = 12 and the set N
+ = {n ∈ N : f(1)f(n+ 1) ≤ 0} is infinite. The word bad
was chosen with respect to the σ(ℓ1,Wf )-FPP since the dual of every bad Wf lacks
the σ(ℓ1,Wf )-FPP. The statement of our aforementioned result is:
Theorem 2.1. (Theorem 3.7 in [2]) Let X be a separable Banach space. If X
contains a subspace isometric to a bad hyperplane, then X∗ fails the σ(X∗, X)-
FPP.
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The main result of this section aims to provide a sufficient condition for the
failure of the σ(X∗, X)-FPP by reformulating Theorem 2.1, where bad hyperplane
is replaced by an A(S) space. In order to prove it, we need to recall a known result
that we quote here for the sake of convenience of the reader.
Lemma 2.2. ( [6], p. 441) Let X be a closed subspace of C(K) of all real continuous
functions on a compact Hausdorff space K. For each q ∈ K let x∗q ∈ X
∗ be defined
by
x∗q(f) = f(q), f ∈ X.
Then every extreme point of the closed unit sphere of X∗ is of the form ±x∗q with
q ∈ K.
Theorem 2.3. Let X be a separable Banach space. If X contains an isometric
copy of some infinite-dimensional A(S) space, then X∗ lacks the σ(X∗, X)-FPP.
Proof. We start the proof by considering the case when A(S)∗ is nonseparable and
hence X∗ is nonseparable. By Theorem 2.3 in [9] every separable Lindenstrauss
space X with nonseparable dual contains a subspace isometric to the space C(∆),
where ∆ is the Cantor set. Since C(∆) contains an isometric copy of c, by Theorem
2.1, X∗ lacks the σ(X∗, X)-FPP.
Therefore, it remains to consider the case when A(S)∗ = ℓ1. Let 1 denote the
identically equal 1 function defined on S. Let π denote the canonical embedding of
A(S) into A(S)∗∗ = ℓ∞. Since A(S) ⊂ C(S), by Lemma 2.2 there exists a sequence
of signs (ε(n))n∈N, ε(n) = ±1 for all n ∈ N such that π(1) = (ε(1), ε(2), ε(3), . . . ).
Without loss of generality, we may assume that there is a subsequence {ε(nj)}j∈N
of {ε(n)}n∈N such that ε(nj) = 1 for each j ∈ N. Let us consider the set
C = {f ∈ ℓ1 : π(1)(f) = 1}∩Bℓ1 =
{
f = (f(1), f(2), . . . ) ∈ Bℓ1 :
∞∑
i=1
ε(i)f(i) = 1
}
.
It is easy to see that C is a nonempty, convex and σ(ℓ1, A(S))-compact subset of
ℓ1. Now, by choosing a subsequence, we may assume that
{
e∗nj
}
j∈N
is σ(ℓ1, A(S))-
convergent to some e∗. Since e∗ ∈ C, we have ‖e∗‖ = 1 and e∗(nj) ≥ 0 for every
j ∈ N.
From now on, the proof follows the approach already used in the proof of Theo-
rem 3.7 in [2]. For the convenience of the reader we repeat here the relevant part of
that proof. Again, by choosing a subsequence, we may assume that w0 = e
∗−u0 6= 0
where u0 =
∑+∞
j=1 e
∗(nj)e
∗
nj
. Let x∗nj be a norm-preserving extension of e
∗
nj
to the
whole space X . Now we consider the extension of u0 to the whole space X defined
by u˜0 =
∑∞
j=1 e
∗(nj)x
∗
nj
and the elements w˜0 = x
∗ − u˜0 and w˜ =
w˜0
‖w0‖
. Now, by
adapting to our framework the approach developed in the last part of the proof of
Theorem 8 in [7], we show that the σ(X∗, X)-compact, convex set
D =
µ1x∗ + µ2w˜ +
∞∑
j=1
µj+2x
∗
nj
:
∞∑
k=1
µk = 1, µk ≥ 0, k = 1, 2, . . .

is equal to
D =
λ1w˜ +
∞∑
j=1
λj+1x
∗
nj
:
∞∑
k=1
λk = 1, λk ≥ 0, k = 1, 2, . . .
 .
Next, we consider the map T : D → D defined by:
T
λ1w˜ + ∞∑
j=1
λj+1x
∗
nj
 = ∞∑
j=1
λjx
∗
nj
.
WEAK
∗
FIXED POINT PROPERTY AND THE SPACE OF AFFINE FUNCTIONS 4
Since x = λ1w˜+
∑∞
j=1 λj+1x
∗
nj
∈ D has a unique representation, the map T is well
defined. Moreover it is a nonexpansive map. Indeed, for every α = (α1, α2, . . . )
such that
∑∞
j=1 |αj | <∞, it holds∥∥∥∥∥∥α1w˜ +
∞∑
j=1
αj+1x
∗
nj
∥∥∥∥∥∥ ≥
∥∥∥∥∥∥α1 w0‖w0‖ +
∞∑
j=1
αj+1e
∗
nj
∥∥∥∥∥∥ =
∞∑
j=1
|αj |
=
∞∑
j=1
|αj |
∥∥∥x∗nj∥∥∥ ≥
∥∥∥∥∥∥
∞∑
j=1
αjx
∗
nj
∥∥∥∥∥∥ .
Finally, it is easy to see that T has no fixed point in D. 
Remark 2.4. Theorem 2.3 can be proved in a completely different way. Indeed,
from the proof of Theorem 1 in [16], we know that every A(S) space contains an
ℓ1-predual subspace that is isometric to a hyperplane in c containing the point
(1, 1, 1, . . . ) ∈ c. It is easy to observe that such a hyperplane is bad. Therefore, by
applying Theorem 2.1, we conclude that X∗ lacks the σ(X∗, X)-FPP. This alter-
native proof relies on a deep technique developed by Zippin, whereas our approach
is direct and self-contained. One may conjecture that each A(S) space contains an
isometric copy of the whole space c, which is the simplest example of bad hyper-
plane. However, it occurs that there exists an infinite-dimensional A(S) space that
does not contain an isometric copy of c (see [3]).
Remark 2.5. Let X be a separable Banach space. Suppose that some infinite-
dimensional A(S) space is a subspace of a quotient X/Y of X . Then Theorem 2.3
shows that Y ⊥ fails the σ(Y ⊥, X/Y )-FPP. It follows easily that also X∗ lacks the
σ(X∗, X)-FPP.
3. Weak∗ fixed point property in the dual of separable
Lindenstrauss space
In this section we show that the sufficient condition stated in Remark 2.5 is
equivalent to the failure of the σ(X∗, X)-FPP whenever we consider a separable
Lindenstrauss space X . Moreover, our result is linked to the characterization ob-
tained in [2]. Indeed, we applied the above mentioned notion of bad hyperplane to
state the following equivalence.
Theorem 3.1 (Theorem 4.1 in [2]). Let X be a predual of ℓ1. Then the following
are equivalent:
(1) ℓ1 lacks the σ(ℓ1, X)-FPP for nonexpansive mappings;
(2) there is a quotient of X isometric to a bad Wf ;
(3) there is a quotient of X that contains a subspace isometric to a bad Wg.
In the following result we replace bad Wf by the space A(S) of affine continuous
functions on the Choquet simplex S. One can easily observe that there are bad Wf
which are not A(S) spaces since their unit balls have no extreme points.
Theorem 3.2. Let X be a predual of ℓ1. The following statements are equivalent:
(1) ℓ1 lacks the σ(ℓ1, X)-FPP for nonexpansive mappings;
(2) there is a quotient of X isometric to some A(S) space;
(3) there is a quotient of X containing an isometric copy of some A(S) space.
Proof. We start by proving that (1) implies (2). From the implication (1) ⇒ (4) of
Theorem 4.1 in [2], we obtain that there is a subsequence (e∗nk)k∈N of the standard
basis (e∗n)n∈N in ℓ1 which is σ(ℓ1, X)-convergent to a norm-one element e
∗ ∈ ℓ1 with
e∗(nk) ≥ 0 for all k ∈ N. From the proof of the implication (4) ⇒ (5) of Theorem
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4.1 in [2], we know that X has a quotient isometric to an ℓ1-predual hyperplaneWf
containing the point (1, 1, 1, . . . ) ∈ c. By applying Corollary 2 in [7] and (♥) one can
prove that the positive face S of the unit sphere of ℓ1 = W
∗
f is σ(ℓ1,Wf )-compact
and Wf is isometric to A(S).
The implication (2) ⇒ (3) is trivial.
Finally, by applying Remark 2.5, we conclude that (3) ⇒ (1). 
The following example shows that the quotient in conditions (2) and (3) in
Theorem 3.2 cannot be removed in a sense that these conditions can be replaced
by: X has a subspace isometric to an infinite-dimensional A(S) space.
Example 3.1. Let f = (1/2,−1/4, 1/8,−1/16, . . .) ∈ ℓ1. Since Wf is a bad hy-
perplane, ℓ1 fails the σ(ℓ1,Wf )-FPP. Moreover, Wf does not have a quotient con-
taining an isometric copy of c (see Example 2.4 in [2]).
We claim that the hyperplane Wf does not contain any infinite-dimensional A(S)
space. By contradiction, suppose that A(S) ⊂ Wf . Let {e
∗
n} be the standard basis
in ℓ1 = A(S)
∗. Since A(S) ⊂ C(S), by Lemma 2.2, there exists a sequence of signs
(ε(n))n∈N, ε(n) = ±1 for all n ∈ N, such that e
∗
n(1) = ε(n), where 1 denotes the
constant function equal to 1 on S. Let e˜∗n denote the norm-preserving extension of
e∗n to the whole Wf . Then
2 = ‖e∗n ± e
∗
m‖ ≤
∥∥∥e˜∗n ± e˜∗m∥∥∥ ≤ 2.
These relations mean that
{
e˜∗n
}
is represented in ℓ1 = W
∗
f by a sequence of disjoint
blocks of norm 1. Moreover, for every n ∈ N, it holds e˜∗n(1) = e
∗
n(1) = ε(n). This
shows that 1 is represented in Wf by x = (x(1), x(2), . . . ) ∈ SWf such that for every
n ∈ N we have
x(i) = sgn e˜∗n(i)
if i ∈ supp e˜∗n :=
{
i ∈ N : e˜∗n(i) 6= 0
}
. Since x ∈ Bc, we have limn→∞ x(n) = 1 or
limn→∞ x(n) = −1. However, there is no such x ∈Wf .
Theorem 3.2 can be easily extended from the case of ℓ1-preduals to the whole
class of separable L1-preduals.
Theorem 3.3. Let X be a separable Lindenstrauss space. The following statements
are equivalent:
(1) X∗ lacks the σ(X∗, X)-FPP for nonexpansive mappings;
(2) there is a quotient of X isometric to some A(S) space;
(3) there is a quotient of X containing an isometric copy of some A(S) space.
Proof. By taking into the account Theorem 3.2, it is enough to consider the case
when X∗ is nonseparable. Theorem 2.3 in [9] states that a separable Lindenstrauss
space X with nonseparable dual contains a subspace isometric to the space C(∆),
where ∆ is the Cantor set. Since C(∆) contains an isometric copy of c, by Propo-
sition 3.1 in [2] there is a 1-complemented copy of c. Therefore, X has a quotient
isometric to c. This shows that (2) and (3) hold true. Finally, by applying Corollary
3.4 in [2] we conclude the proof. 
Remark 3.4. In Theorem 3.2 the space A(S) cannot be replaced by any space
C(K) of continuous functions on the compact Hausdorff set K. Indeed, if K is
finite, then C(K) = ℓ
(n)
∞ for some n ∈ N. By [8, 13], we know that every separable
Lindenstrauss space contains an isometric copy of ℓ
(n)
∞ for every n. Since ℓ
(n)
∞ is
always 1-complemented, X has a quotient isometric to ℓ
(n)
∞ . Moreover, if K is an
infinite countable set, then, by Mazurkiewicz-Sierpiński Theorem ( [10]), we know
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that C(K) contains an isometric copy of c. However, by Example 3.1, we know
that there is an ℓ1-predual such that ℓ1 fails the weak
∗-FPP, whereas it does not
have a quotient containing an isometric copy of c. It remains to consider the case
where K is uncountable. However, under this assumption C(K)∗ is nonseparable
and therefore X cannot be an ℓ1-predual.
We conclude our paper by pointing out that some other equivalent conditions
for the weak∗-FPP are known in the literature. We refer the interested reader
to [2, 4, 5, 11, 12].
References
[1] E. Casini, E. Miglierina, and Ł. Piasecki, Hyperplanes in the space of convergent sequences
and preduals of ℓ1, Canad. Math. Bull. 58 (2015), 459-470. MR3372863
[2] E. Casini, E. Miglierina, and Ł. Piasecki, Separable Lindenstrauss spaces whose duals lack
the weak∗ fixed point property for nonexpansive mappings, Studia Math. 58 (2017), 459-470.
MR3640020
[3] E. Casini, E. Miglierina, Ł. Piasecki, and L. Veselý, Rethinking polyhedrality for Lindenstrauss
spaces, Israel J. Math. 216 (2016), 355?369. MR3556971
[4] E. Casini, E. Miglierina, Ł. Piasecki, and R. Popescu, Stability constants of the weak∗ fixed
point property for the space ℓ1, J. Math. Anal. Appl. 452 (2017), 673?684. MR3628042
[5] E. Casini, E. Miglierina, Ł. Piasecki, and R. Popescu, Weak∗ fixed point property in ℓ1 and
polyhedrality in Lindenstrauss spaces, Studia Math. 241 (2018), 159?172. MR3744982
[6] N. Dunford and J. T. Schwartz, Linear operators. Part I. General theory, reprint of the 1958
original, John Wiley & Sons, Inc., New York, 1988. MR1009162
[7] M. A. Japón-Pineda and S. Prus, Fixed point property for general topologies in some Banach
spaces, Bull. Austral. Math. Soc. 70 (2004), 229-244. MR2094291
[8] A. J. Lazar and J. Lindenstrauss, On Banach spaces whose duals are L1 spaces, Israel J. Math.
4 (1966), 205?20. MR0206670
[9] A. J. Lazar and J. Lindenstrauss, Banach spaces whose duals are L1-spaces and their repre-
senting matrices, Acta Math. 126 (1971), 165-194. MR0291771
[10] S. Mazurkiewicz and W. Sierpiński, Contribution à la topologie des ensembles dénombrables,
Fund. Math. 1 (1920), 17?27.
[11] Ł. Piasecki, On ℓ1-preduals distant by 1, Ann. Univ. Mariae Curie-Sk?odowska Sect. A 72
(2018), 41?56. MR3893817
[12] Ł. Piasecki, On Banach space properties that are not invariant under the Banach-Mazur
distance 1, J. Math. Anal. Appl. 467 (2018), 1129?1147. MR3842423
[13] E. Michael and A. Pełczyński, Separable Banach spaces which admit l∞
n
approximations,
Israel J. Math. 4 (1966), 189?198. MR0211247
[14] Z. Semadeni, Free compact sets, Bull. Acad. Polon. Sci. Sér Sci. Math. Astronom. Phys. 13
(1964), 141-146. MR0190719
[15] M. Smyth, Remarks on the weak star fixed point property in the dual of C(Ω), J. Math. Anal.
Appl. 195 (1995), 294-306. MR1352824
[16] M. Zippin, Correction to “On some subspaces of Banach spaces whose duals are L1 space",
Proc. Amer. Math. Soc. 146 (2018), 5257?5262. MR3866864
Dipartimento di Scienza e Alta Tecnologia, Università dell’Insubria, via Valleggio
11, 22100 Como, Italy
E-mail address: emanuele.casini@uninsunbria.it
Dipartimento di Matematica per le Scienze economiche, finanziarie ed attuariali,
Università Cattolica del Sacro Cuore, Via Necchi 9, 20123 Milano, Italy
E-mail address: enrico.miglierina@unicatt.it
Instytut Matematyki, Uniwersytet Marii Curie-Skłodowskiej, Pl. Marii Curie-
Skłodowskiej 1, 20-031 Lublin, Poland
E-mail address: piasecki@hektor.umcs.lublin.pl
